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ũ(x, y, z, s) =
∫ +∞
0
ur(x, y, z, t) e−st dt ;
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û(kx, ky, z, s) =
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ûl(kx, ky, z, s)
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Fl(|k|2, scl ,z,C)e−i(kxx+kyy) dkx dky,


















6 Eu¨ P 8
wKuZ|









2, z, c) = Fl(ρ
2, 1, z, c).
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x = r cosψ
Zg
y = r sinψ 8 {XwjIe:A (C<+{XZ^sdsux­wxXmosyxIs@ezl{¤ kfgonneoZmZ/|}U+wj+uZY[ZLjyg{fZ/Owumonqw±XZ
px = p cosψ − q sinψ
Zg












pxx+ pyy = r(px cosψ + py sinψ) = rp.
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p = ρ cosφ
Zg
q = ρ sinφ
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Bl(p̃2, q2, c) = Al(p̃2(1 + q2) + q2, c)).
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γ2(t, x, y), c
) dγ
dt














γ2(t, q, x, y), q2, c
)dγ
dt
(t, q, x, y)e−stdt,
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γ2(t, q), q2, c
) dγ
dt
(t, q) e−stdt dq.
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r, ψ, z   >
x = r cosψ, y = r sinψ.9 nj@golLum}wZ#6*Eu¨OE  8 {fZLdn¡ZLjygwu¡symie


























px = p cosψ − q sinψ
Zg







px cosψ + py sinψ = p.\^suk+ewKysuj+eV{fsyj+|#>
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µ(z) = µ1, ρ(z) = ρ1, z > 0,
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x2 + y2 + z2,
√
x2 + y2 = R cos θ
Zg
z = R sin θ.
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(x, y, z) ∈
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(x, y, z) ∈
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Ωte(t) =
{
(x, y, z) ∈









































































































































γ+1 (t, q) = −i
c̃11(q)t
R

















γ+2 (t, q) = −i
c̃22(q)t
R
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x 6∈ Ω(t) :
u(x, y, z, t) = 0  

.
x ∈ ΩR(t)\Ωte(t) :





















x ∈ Ωte(t)\ΩR(t) :




















x ∈ Ωte(t) ∩ ΩR(t) :







































x ∈ ΩT (t) :
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θ < θc ;
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x2 + y2 + (z + h)2,
√
x2 + y2 = R cos θ
Zg
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(x, y, z) ∈
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g^ 8 x+wum >
ΩT (t) = {(x, y, z) | z ≤ 0
Zg
t02(r, z) ≤ t} .
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, θ ∈ [0, θc].
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Ωte(t) =
{
(x, y, z) ∈
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(x, y)












¤d¨ { > 9 syj+{fZ/{fZg	DgoZy¨
















































 d¨ |> 9F suj+{fZ¾gimiwuj+ezY[nqezZy¨




















  0³I¸>0µ"^¹³Z 
!Z 




u = ui + ur z > 0,














x 6∈ ΩI(t) : u
i(x, y, z, t) = 0
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γ+1 (t, q) = −i
c̃11(q)t
R













































t02 = t02(r, y)
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q > 0
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t̃02(q) > t02
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 t̃02(q)
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F(p, q, t̃02(q))
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−m < =m(p̃02(q)) < 0,
" 
	
m = min(1, c̃21(q)/c̃22(q))  
 jY t > t̃02(q) & F(p, q, t̃02(q)) (2 J   4	1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 jY h(−m, q)/c̃22(q) ≤ t ≤ t̃02(q) F(p, t, q) & J(2    		1

p = υ−2 (t, q) ∈ [−im p̃02(q)]
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{XZ  v + Zg^p@kXZ q 7→ t̃02(q) ZLezg^|misunqeoeiwj@giZ¾eokXm  v + ¨
adsun¡g
q > 0
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q 7→ t̃02(q)
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p̃02(q)
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x 6∈ ΩR(t) ∪ Ωte(t) :
ur(x, y, z, t) = 0  

3
x ∈ ΩR(t)\Ωte(t) :





















x ∈ Ωte(t)\ΩR(t) :




















x ∈ Ωte(t) ∩ ΩR(t) :



















































x 6∈ ΩT (t) :
ut(x, y, z, t) = 0,

.
x ∈ ΩT (t) :














2 (t, q), q)
(












  ¤     "(3 N 	12  j!'





































θ < θc ;
















TGj x9sukXmimiw¦e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lLmonqp@kXZ {fZ
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${fZ > wusymon¡goUXY[ZxXmilLeoZ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gin¡syj0PI¨Ey¨ 6>|wq|k+F{fZ
P r 8  x+wuuZ f0ZgLxIsykXm|ZL¡kXn©{fZ U t {fZ[< wu¡ysumin°giUXY[Z[xXmolezZLj@gol[¥qw­eoZL|¬gin¡syj PI¨ X¨E26>|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= 0, z < 0
6>X¨ y| 8





























































ût = 0, z < 0,
6>f¨OELy| 8
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û(kx, ky, z, s) =
























û(kx, ky, z, s) =
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px = p cosψ − q sinψ
py = p sinψ + q cosψ
x9suk+msu±fgiZjXnm





































+ p2 + q2
) 1
2














































































T (p, q) = T̃ (p̃, q)
ZgG>























































γ+2 (t, q) = −i
c̃22(q)t
R







r = R cos θ, z = R sin θ.TGj w[{fsujI|>
































































u(x, y, z, t) = 0
eon
t < t02(0) =
R
c2


















 , ezn t > t02(0)
 d 
  ¤     ` 	.(S(1 (
t < t02(0) = R/c2
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1 + R(p, q)



























+ p2 + q2
) 1
2























































R(p, q) = R̃(p̃, q)
ZgG>







1 + R̃(p̃, q)
















r = R cos θ
Zg
z = R sin θ.
TGj wdkXsum}e${Xk |Lwq|kX{XZ/> suj+{XZ/mol +lL|}UXnZ¾Zj­{fnYZLj+eon¡syj X+p@kXZ





1 + R̃(p̃, q)




































γ+1 (t, q) = −i
c̃11(q)t
R











1 + R̃(p̃, q)

















































































¨%90w|syj+{fn¡gonsuj6>X¨ u 8 ezZLmiw {fsujI|^ylmin +lLZGx9suk+m©gisukfg
q
milZ©ezn
cos θ ≤ c1
c2
¨ adkXxXx9syeosuj+eY[wun¡j@giZj+wujygp@kXZ
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suj+{Xn°gin¡syj6<f¨  8 Zehg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cos θ ≤ c1
c2
Zg














1 + R̃(p̃, q)


























u(x, y, z, t) = 0
eon
t < t01(0) =
R
c1
































V eon q > q2 >
∫ +∞
−∞
1 + R̃(p̃, q)





















V eon q ≤ q2 >
∫ +∞
−∞
1 + R̃(p̃, q)







































































































































































































u(x, y, z, t) = 0,
ezn
t < t1(0)

















 , eon t1(0) < t < t01(0)






































t01(0) < t < t01(q2)


















 , eon t01(q2) < t.
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t1(0) = R/c1
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| cos θ| ≤
c1
c2
 sum}eVn¡j0 c¢wx+wye{¤ suj+{fZ{XZg	DgiZ/Zg
ur(x, y, z, t) = 0
eon
t < t01(0) =
R
c1


















 , eon t > t01(0).
wKuZ|
γ+1 (t, q) = −i
c̃11(q)t
R
























ur(x, y, z, t) = 0,
eon
t < t1(0)

















 eon t1(0) < t < t01(0)






































t01(0) < t < t01(q2)


















 , ezn t01(q2) < t.
wKuZ|
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px = p cosψ − q sinψ, py = p sinψ + q cosψ
x9suk+msu±fgiZjXnm
















































































































































2 (t, q), q)
(


























2 (t, q), q)
(























2 (t, q), q)
(














suj xIZLkfgnj@yZm}ezZLm©< sum}{fmoZ/{¤ njygilymiwgonsuj >












2 (t, q), q)
(














ut(x, y, z, t) = 0,
ezn
t < t02(0)














2 (t, q), q)
(
























































































































































































































































































































































































































cf < cS < cP
¨
  Wd  K³ZRµL  c¡³Z  
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|suY[Y[Z*qweosuY[Y[Z¢{¤ kXjXZ¢syj+{fZn¡j+|n{XZj@goZyF{¤ k+jXZ¢syj+{fZ{XZ¢usy¡k+YZ¢mol +lL|}UXnZ*Zg{fZ{fZkf§syj+{fZLe
{XZ/g	DgoZu¨9F sujI{fZeoZ/xXmosyx+wyZLwujyg{Xwuj+eZezsy¡nq{fZeoZ{fl|suY[x9syeoZ/Zj­kXj+Zsuj+{XZ{fZusy¡k+YZ{XZ|syY 
x+moZeoeon¡syjy{XZGmisg}wOgonsuj+jXZIj@k+@6>{fn¡goZ¾suj+{fZGr 8 dkXj+ZGsyj+{fZG{XZ^usy¡k+YZ¾{fZG|neiwn¡ZLYZLj@gLf¥{fnuZLmoyZj+|ZjdkXZ6>{fn¡goZsuj+{XZa 8 XZgkXj+Z¾syj+{fZ{fZ¾g	DgoZ/{fZ/|nqeowun¡ZY[Zj@gL¨%9w {fl	+jXn¡gonsujxXmilL|nqeoZ¾{fZ/|}U+wy|kXj+Z¾{fZ|ZLeVsyj+{fZLeVZehg^{XsujXjXlLZ/¥ qw[ezZ|¬gin¡syj+¨Ey¨ d¨F\^suk+eVkXgon¡nqezZLmosyj+e:>
R =
√
x2 + y2 + (z + h)2,
√
x2 + y2 = R cos θ
Zg
z + h = R sin θ.
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(x, y, z) ∈
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t0P (r, z) = tP (ξ0P (r, z))
Zg
t0S(r, z) = tS(ξ0S(r, z))
Zk+mYnjXnYkXY ¨ 90Z»¼mosyjyg{fZ/< suj+{fZ¾gimiwuj+ezY[nqezZr 6¼miZLeox¨Fa 8 Zehg< ZLj+eoZY±+¡Z/{fZexIsyn¡j@g}e$goZqep@kXZ>
t0P (r, z) = t (
moZezx0¨
t0S(r, z) = t).




ΩP (t) = {(x, y, z) | z ≤ 0
Zg
t0P (r, z) ≤ t}
(
miZLeox¨
ΩS(t) = {(x, y, z) | z ≤ 0
Zg
t0S(x, r) ≤ t}).
] O³ZRµ d­³Z  d  §µ  yµ   
!Z­¸   
^   \sukIejXsgisuj+e
A
6¼miZLeox¨
E 8 > njygiZm}ezZ|¬gin¡syj¿{fk»¼misuj@gV{¤ syj+{fZ¾r 6¹moZezx0¨ a 8 wKyZL|^> wOfZ x = 0 ¥{fmisun¡goZGZg B 6¹moZezx0¨ F 8 ¡Zx9sunj@g©giZ¤p@kXZGZ/ezZLuY[Zj@g
[AB]
6¹Zj sum}wjXyZ¢eokXm qw +ukXmiZ0E 8 6¼miZLeox¨ [EF ] Zj Y%wuuZj@g}w 8 eosun¡ggiwj+uZj@g[¥ ΩR(t) ¨ \syk+ej+sgosyj+e
ωteP1(t)
6¼miZLeox¨
ωteS1(t) 8 ¡Z*gomisuj+|%{fZ|;uj+Z%ulj+lmilxIwmqw­misgiwgonsuj®{fkeoZuY[ZLjyg [AB]6¹moZezx0¨











































































3,  [&  1#1<BY)*J3
.
 
















"(3  R   j '
































, θ ∈ [0, θcP ].
6¹X¨	 8
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, θ ∈ [0, θcS].
6¹X¨  8
9w%{flY[syj+ehgimiwgonsuj­{fZ|ZZY[Y[Z eoZ»¼Z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6¼ZLj§sum}wjXyZ%ezkXm¡Ze+ykXmoZeEEu¨ |%ZgE 8 > ZjIezZLY±XZ¢{fZe/xIsyn¡j@g}eeon°gikXlLeZLj@gomiZ¡Z»¼mosyj@gG{fZ< suj+{fZ {fZg4DgoZ r3Zg¾> njygiZmo»¹wu|ZZg
ΩtefS(t)
6¼ZLjªY%wyZj@giw%eokXm¾¡Ze +ykXmoZeGEJE¨ {
ZgE 8 > ZjIezZLY±XZ{fZLe^xIsyn¡j@g}eezn¡gok+lLeZLj@gomiZ/¡Z/»¼misuj@g^{fZ> suj+{XZ{fZ/g	DgoZ aZg^< nj@goZmo»¹wu|Zu¨ ΩtefP (t)x9ZkXglywu¡ZLY[Zj@g DgomiZ/{flIjXnx+wum,>
ΩtefP (t) =
{
(x, y, z) ∈

























(x, y, z) ∈
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< Zj+eoZY ±X¡Z{fZe x9sunjyg}e ezn¡gok+lLe ZLjygimoZVZ$»¼mosyjyg{XZ$< suj+{fZ{XZVg	DgiZZgF< nj@goZLmz
»¹wy|Z26¼ZLj @nsuZgeokXmZLe +ykXmiZLe EE¨ »6ZgGE 8 ¨ ΩteSP (t) x9ZkXg^l@wZY[Zj@gDgomiZ{fl	+jXnx+wum:>
ΩteSP (t) =
{
(x, y, z) ∈


























t?2(x, y, z) =
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x 6∈ ΩI(t) : p
i(x, y, t) = 0 ;
eon
x ∈ ΩI(t) : p





































































































k̃ff (p, q) =
√








+ p2 + q2,




+ p2 + q2, k̃PP (p, q) =
√




+ p2 + q2








+ p2 + q2, k̃SS(p, q) =
√
































































R̃(p, q) = R(p
√
1 + q2, q)
T̃P (p, q) = TP (p
√
1 + q2, q)
T̃S(p, q) = TS(p
√










γ+f (t, q) = −i
c̃ff (q)t
R






























































t0P = t0P (x, y)
>









V xIsykXmgosukIe q ≥ 0 Zg t > t̃0P (q) ^syj.{flIjXn°g γ+P (t, q) qw eoZkXZ¦eosukfgonsuj3{XZ< lpykIwOgonsuj
FP (p, q, t) = 0
¥[xIwmogonZ¾milZL¡ZxIs@ezn¡gonuZ
 
V xIsykXmgisukfg t ≥ t0P suj{Xl+jXn¡g q0P (t) goZL©p@kXZ t̃0P (q0P (t)) = t > q0P ZLezg< njduZm}eoZ*{fZ%w»¼suj+|gonsuj
t̃0P
+| ZLezg¡ZeoZkX0molLZRgoZLp@kXZ
























t0S = t0S(x, y)
>
V xIsykXmgisukfg q ≥ 0 suj{Xl+jXn¡g t̃0S(q) Z¢eoZkX©molLZFgiZ$pyk+Z*> lLp@k+wgonsuj FS(p, q, t̃0S(q)) = 0wu{fY[ZgzgoZ/k+jXZ/miwy|njXZ/{fsuk+±X¡Z
p = p̃0S(q)  
e`egf(hji3k3l3i
y  GY(
V xIsykXmgisuk+e q ≥ 0 Zg t > t̃0S(q) syjª{flIjXn°g γ+S (t, q) qw%eoZkXZm}wu|njXZ{fZ FS(p, q, t) ¥%x+wumzgin¡ZmolLZ¡Zx9syeon°gin¡yZ
 
V xIsykXmGgosukXg t ≥ t0S suj{fl	+jXn¡g q0S(t) goZL pyk+Z t̃0S(q0S(t)) = t > q0S(t) ZLezg¾Z eoZkX6milZL0giZp@kXZ
FS(p, q̃0S(t), t)
wy{fY[ZgzgiZ/kXjXZ/m}wu|n¡jXZ{fsykX±XZu¨
V xIsykXm gisuk+e q ≥ 0 Zg t < t̃0S(q) syj{Xl+jXn¡g υ+S (t, q) uqw/eoZkXZVmiwy|njXZ{fZ FS(p, q, t) goZL¡Zp@kXZ,>
=(p̃0S(q)) ≤ =m(υ
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x 6∈ ΩR(t) ∪ ΩtefP (t) :
pr(x, y, z, t) = 0  

3
x ∈ ΩR(t)\ΩtefP (t) :











R̃(γ+f (t, q), q)
)
√







x ∈ ΩtefP (t)\ΩR(t) :











R̃(υ+f (t, q), q)
]
√






x ∈ ΩtefP (t) ∩ ΩR(t) :











R̃(υ+f (t, q), q)
]
√















R̃(γ+f (t, q), q)
)
√







   43
.







x 6∈ ΩP (t) :
∣∣∣∣∣∣∣∣∣
vPsx(x, y, z, t) = 0,
vPsy(x, y, z, t) = 0,
vPsz(x, y, z, t) = 0,

3
x ∈ ΩP (t) :
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣












iγ+P (t, q)TP (γ
+
P (t, q), q)
(

























P (t, q), q)
(

























P (t, q), q)
∂FP
∂p
























G   43
.
3( 







x 6∈ ΩS(t) ∪ ΩteSP (t) :
∣∣∣∣∣∣∣∣∣
vSsx(x, y, z, t) = 0,
vSsy(x, y, z, t) = 0,
vSsz(x, y, z, t) = 0,

3
x ∈ ΩS(t)\ΩteSP (t) :
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣














S (t, q), q)
(

























S (t, q), q)
(

























(t, q) + q2)TS(γ
+
S (t, q), q)
∂FS
∂p












x ∈ ΩteSP (t)\ΩS(t) :
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣














S (t, q), q)
∂FS
∂p



















S (t, q), q)
∂FS
∂p



















(t, q) + q2)T̃S(υ
+
S (t, q), q)
∂FS
∂p















x ∈ ΩS(t) ∩ ΩteSP (t) :
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣














S (t, q), q)
∂FS
∂p














































S (t, q), q)
∂FS
∂p



















































S (t, q), q)
∂FS
∂p






























  ¤  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θ < θcf ;



































FS(p, 0, t0S)  
  	41 x ∈ ΩtefP (t)\ΩR(t) 
	. 	31








  	41 x ∈ ΩtefP (t) ∩ ΩR(t) 
	.
	31
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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v̂sx = ikxφ̂− ikx
∂ψ̂1
∂z
− ikyψ2 z < 0,
6¹X¨OEn 8
v̂sy = ikyφ̂− iky
∂ψ̂1
∂z





− (k2x + k
2



















p̂r = AR e
−zkf 6¹+¨Eu| 8
φ̂ = AP e
zkP
6>X¨OELu{ 8
ψ̂1 = AS1 e
zkS
6¹+¨EZ 8
ψ̂2 = AS2 e
zkS
6¹+¨EO» 8










v̂sz = kPAP e

































































+ λikx [ikxAP − ikxAS1kS − ikyAS2kS ]




















































































AR = R(kx, ky)
e−hkf
2kf







































































































































ikxTP (kx, ky, s)
2kP
e zkP −hkf ,
vPsy =
ikyTP (kx, ky , s)
2kP
e zkP −hkf ,
vPsz =





























































px = p cosψ − q sinψ, py = p sinψ + q cosψ
x9suk+msu±fgiZjXnm






























2−q2) + 2µk̃2fP )(k̃
2
fS+p








2−q2) + 2µk̃2fP )(k̃
2
fS+p












k̃ff (p, q) =
√














q 7→ c̃ff (q)
Zg






R̃(p̃, q) = R(p̃
√
1 + q2, q).
TGj w[wsum}e























| cos θ| <
cf
cP
  j0 cw xIwue{¤ suj+{XZ{XZg	DgiZ/Zg
pr(x, y, z, t) = 0
ezn
t < t0f (0) =
R
cf











R̃(γ+f (t, q), q)
)
√




 , eon t > t0f (0).
wKuZ|
γ+f (t, q) = −i
c̃f (q)t
R













pr(x, y, z, t) = 0,
eon
t < tf (0)











R̃(υ+f (t, q), q)
]
√
q2 + q20f (t)
dq

 , eon tf (0) < t < t0f (0)











R̃(υ+f (t, q), q)
]
√















R̃(γ+f (t, q), q)
)
√






t0f (0) < t < t2f











R̃(γ+f (t, q), q)
)
√































, t2f = t0f (q2f )
Zg
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px = p cosψ − q sinψ, py = p sinψ + q cosψ
x9suk+msu±fgiZjXnm







ip TP (p, q)














































+ p2 + q2, k̃PP (p, q) =
√










q 7→ c̃PP (q)

q 7→ c̃Pf (q)
Zg














T̃P (p̃, q) = TP (p̃
√











ip̃ T̃P (p̃, q)

























{XZqw¦Y#DLY[Z­Y[wujXnWmiZp@kXZ x9sukXm[Z |Lwq|kX{XZ< suj+{fZgimiwuj+ezY[nqezZ {Xwuj+e¡Z­|wye%{fZ­{fZkX Y[n¡n¡ZLkf
wy|syk+ehginp@kXZefp@kXZ2>
vPsx(x, y, z, t) = 0,
ezn
t < t0P (0)















































































px = p cosψ − q sinψ, py = p sinψ + q cosψ
x9suk+msu±fgiZjXnm






















































+ p2 + q2, k̃PP (p, q) =
√












q 7→ c̃SP (q)

q 7→ c̃Sf (q)
Zg





















T̃S(p̃, q) = TS(p̃
√
1 + q2, q).
TGj w[wsum}e

















































































S (t, q), q)
∂FS
∂p





















































































S (t, q), q)
∂FS
∂p












S (t, q), q)
∂FS
∂p





W d  -  `  	
I : q 7→ =m[p0S(q)]

3d


























































































































|p̃0S(q)| ≤ c̃SS(q)/c̃SP (q)
jY,<Y
q



































































































 v + +| ZLezgz ¥O {fnmoZp@kXZ>












































































0 < w0S ≤
cS
cPsyjw >






























wxXx+wumzgin¡ZLj@gV{fsyj+|±XnZj­¥  v + ¨
r6s@ezsyj+e$Y[wun¡j@giZj+wujyg

























































































































































FS(p̃2S , q2S , t2S) = 0
{fsyj+|
FS(p̃2S , q2S , t2S) = 0
Zg ∂FS
∂p̃

















t2S(= t02(q2S)) = tSP (q2S)
 $  
3)   (1	  j/U

  (33/"(.2  (S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 







































 ^¡symieVnj c¢w[x+wye{¤ suj+{fZ/{fZg4DgiZ/ZgsujulLmon +ZG»¹wu|n¡ZY[Zj@g^p@kXZ2>
vSsx(x, y, z, t) = 0
eon
t < t0P (0)


































































S (t, q), q)
∂FS
∂p














S (t, q), q)
∂FS
∂p






















S (t, q), q)
∂FS
∂p










tSP (q) < t0S(q)xIsykXm
q < q2S
Zgsuj®w@k®p@kXZ











{fk |wq|k+{fZLe$sujI{fZLeV{fZ¾g	DgoZ/{Xwuj+e$¡Z/|wyeV{fZ/{fZkf*Y[n¡nZkXwu|suk+ezgonqp@kXZLe:6¼ysunmIukXmiZ-E 8 ¨TGj xIs@ezZ

















































[tSP ; t0S ]
Zg^ezsyn°g
p̃ = υ+S (q, t)
9wsum}eR>
Ey¨
FS(p̃, qSP (t), t) = 0
6¼x+wum{flIjXn°gin¡syj­{fZ
υ+S (q, t) 8  
X¨







































































































































S (t, q), q)
∂FS
∂p














S (t, q), q)
∂FS
∂p





 . )  , ' 	  )  %& !  75!  ,; %  
ũ1(q)
 *%  f   	 f0% 	 f  ,; )&
e`egf(hji3k3l3i
  GY(
vSsx(x, y, z, t) = 0,
ezn
t < tSP (0)














S (t, q), q)
∂FS
∂p






tSP (0) < t < t0S(0),














S (t, q), q)
∂FS
∂p

































t0S(0) < t < t2S ,























































|Zp@kXnVZLezg ±+n¡ZLj < lpykIwOgonsuj£{fZ< Zj+eoZY ±X¡Z
ωteSP1(t)
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 ¦ ! $!$!  	V6[
=j {fnYZLj+eon¡syj®gomisunqeZ¢|wu|kXjdkXY[lminqpyk+Z¢{fZ¢qwª|sujdusy¡kfgin¡syj¦ZLj§goZLY[x+eZLj@gomiZ*¡Ze/»¼syj+|¬gin¡syj+e{fZ







k+¡nWmiZY[Zj@g^{Xwuj+e|ZgzgiZezZ|¬gonsuj­¥[qw[{fZkffnWY[Zu¨  +jª{¤ n¡k+ezgomiZmjXsugomiZ/xXmosyxIs@eVjXsukIe{flg}wn¡Zmisuj+e
Z/|wu|kXjdkXY[lminp@kXZ/{fZqw[ezsy¡kfgin¡syj{Xkx+mosy±X¡WLY[Z{XZ|suk+xXwuuZ +kXnq{fZ ezgomik+|¬gikXmoZ26>X¨OE 8 ¨






lg}wj@g©qw/»¼syj+|¬gin¡syj¢{fZ½¾moZLZj*{fkxXmosy±XWY[Z6¹+¨  8 syj%ulmin +Z»¹wu|n¡ZY[ZLjygVp@kXZ^ZG|}U+wuY[x{XZ¾x+moZeoeon¡syjrPZehg{fsyjXjXl/x+wum,>
P (x, y, z, t) =
∫ t
0











P i + P r
wKuZ|->
P i(x, y, z, t) =
∫ t
0
pi(x, y, z, τ)f(t− τ) dτ
Zg
P r(x, y, z, t) =
∫ t
0








































afkXxXx9syeosuj+e p@kXZj+suk+eF{XneoxIs@eznsujIe {¤ k+jXZ»¼sujI|¬gonsuj































R̃(γ+f (t, q), q)
)
√




 eon t0f < t
Zg

















R̃(υ+f (t, q), q)
]
√
q2 + q20f (t)
dq










R̃(υ+f (t, q), q)
]
√
q2 − q20f (t)
dq












P rv (x, y, z, t) = 0,
ezn
t ≤ t0f ,





















cos θ ≤ cf
cP
,





(x, y, z, τ)f(t− τ) dτ,
eon


























P rv (x, y, z, t) =
∫ t
t0f




eoZF|wq|k+¡Z ¥V< wun{fZF{ kXj+ZFn¡j@gilum}wZ ezk+m> njygiZmiOw¡ZF{flLxIZLj+{Xwujyg0{XkgoZY[x+e





q = Qq0f (t)
>





















 ezn t0f < t.
9w {XZkffnWY[Z¾{Xn°¯*|k+°gil/j@k+YlLmonqp@kXZ¾ZLezgV{fk+Z¥ qwxXmilLeoZjI|Z{fZw miwy|njXZ|wmimilZ^wuk{flLjXsuY[nj+wOgiZkXm
p@kXn0moZLj+{¢< n¡j@golLum}wj+{eon¡jXykXn¡ZLmxIsykXm
Q = 1  
j+suk+ekXgon¡nqezZLmosyj+e{fsyj+|¾¡Z|}U+wujXuZLY[Zj@g{fZ/Owminwu±X¡Z
Q = sin η
>































j Zehgx+wyeeznjXykX¡nWmiZufsyjx9suk+mom}wkfgon¡nqeoZm< wuxXxXmisKdnY%wOgin¡syj >
P rv (x, y, z, t) '
Nt∑
i=1
p̃v(x, y, z, t0f + (i− 1)dt)f




(x, y, z, h, t, deta, C)E
(r, theta,R) = coor (x, y, z, h)
Pv = 0









eta = (i− 1) ∗ deta
q = sqrt(cf2 ∗ t2/R2 − 1) ∗ sin(eta)

p = gamma(R, theta, t, q, cf)
Pv = Pv + reel(R(p, q, C))/(2 ∗ pi ∗R) ∗ deta  @Z X³I 






(x, y, z, h, t, dt, deta, C)E
(r, theta,R) = coor (x, y, z, h)
t0 = R/cf














tau = t0 + (i− 1) ∗ dt























p̃v(x, y, z, t)
ZLezg{flL|mon¡gVeokXmZ^g}w±XZLwuk0E¾Zg|ZkXn¤{fZ










P rt (x, y, z, t)






P rt (x, y, z, t) =
∫ t
tf





q = Qq0f (t)
>








































t0f < t < t2f .
\^suk+eGkfgin¡neosujIe^ZLe|}U+wujXuZLYZLj@gie^{XZ Owminqw±XZ
Q = sinh η
Zg
Q = cosh η
RmiZLeoxIZ|¬gonuZLY[Zj@gGx9sukXm
tf < t < t0f
Zgx9suk+m
t0f < t < t2f
>






















tf < t < t0f ,
1
2π2R

























tf < t < t0f
Zgx9sukXm
t0f < t < t2f
xIsykXmsu±XgoZj+n¡m,>


































t0f < t < t2f ,
wKyZL|


























tf < t < t0f .
TGj3{flL|suY[xIs@ezZ­< n¡j@goZLmoOwu¡Z







P rt (x, y, z, t) '
Nt1∑
i=1
p̃t(x, y, z, tf + (i− 1)dt1)f
′(t− (tf + (i− 1)dt1)) dt1
f¨ezn
t0f < t < t2f .
TGjP{fl|suY[x9syeoZ­> njygiZmiOw¡Z
































wumo@ezU qf (t0f − dt1)
q0f (t0f − dt1)
dt1
Zg wmiy|}U qf (t0f + dt2)







gosykfg%Zj ywm}{Xwujyg[¥< ZLeoxXmon¡g%pyk+Z |ZgogoZ wxXxXmisKfn¡Y%wgonsujj ZLezg%x+wue »¼symi|lY[Zj@ggomiWLexXmilL|nqeoZ
Zg%p@k ZL¡Z¢j+lL|Zeoeon¡goZm}w{XZ|}UXsyneon¡m kXj xIwue{fZ*giZY[x+exXk+exIZgon¡g[p@k Zj {fn¡Y[ZLj+eznsuj f¨/TGj
|wu|kX¡ZLmiw{fsyj+|>
P rt (x, y, z, t) '
Nt1∑
i=1
p̃t(x, y, z, tf + (i− 1)dt1)f




p̃t(x, y, z, t0f + idt2)f







































p̃t(x, y, z, t)
Zehg^{XlL|min¡geokXmZ¾giw±+¡Zwk Zg|ZL¡k+n0{fZ
P rt (x, y, z, t)
ZLezg
{XlL|min¡geokXmZgiwu±X¡Zwk PX¨























t0P (q) = t(r, z, h, cf(q), cP (q))
Zg









FS(p, q0P (t), t)
wu{fY[ZgogoZ






P (t, q), q0P (t), t) = 0
∂FS
∂p












(x, y, z, h, t, deta, C, t0f)E
(r, theta,R) = coor (x, y, z, h)
Pt = 0
N = 1/dzetaP















zeta = (i− 1) ∗ dzeta
q = sinh(argsh(qf/q0f) ∗ zeta) ∗ q0fEL
p = upsilon(R, theta, t, q, cf)EE













zeta = (i− 1) ∗ dzetaE 
q = cosh(argch(qf/q0f) ∗ zeta) ∗ q0fEL
p = upsilon(R, theta, t, q, cf)EL
Pt = Pt+ imag(R(p, q, C))/(2 ∗ pi ∗R) ∗ deta  @Z X³9 
YE  @Z '^










(x, y, z, h, t, dt1, dt2, dzeta, C, t0f)E
(r, theta,R) = coor (x, y, z, h)
t0 = R/cf
tf = tf(x, y, z, h, C)P
t2f = t2f(x, y, z, h, C)














tau = tf + (i− 1) ∗ dt1EL















tau = t2f + i ∗ dt2EL































6¹w 8 afn <e(γ+P (t, q)) > 0
  > suj j w xIwueVZjI|sumiZGgomisukXylufsujmiZx+wumzgwkx9sunjyg^+¨
6¼± 8 eon <e(γ+P (t, q)) ' 0 Zg γ+P (t, q) ' γ−P (t, q)
 > TGj¦w*gimosykXul
q0P (t) = q
Rsyje wmim4DgoZ
nq|n<¨
6¹| 8 afn <e(γ+P (t, q)) ' 0 Zg γ+P (t, q) 6= γ−P (t, q) >^suj¦w¢lgilgimosyxª¡syn¡j09n
»¹wkfgmiZuZLjXnmGwkm}wj+xXmilL|lL{fZLjyg:>

































iγ+P (t, q)TP (γ
+
P (t, q), q)
(













r wumGwjIwsuunZwKyZL|/Z |Lwq|kX6{fZ> suj+{XZ {fZ xXmoZeoeonsujªmil +l|}UXnZjXsukIe^kfgin¡nqezsyj+eGeok+|L|ZLeieon¡yZY[Zj@g^ZLe
|}UIwjXyZY[Zj@gieV{fZ/Owumonqw±XZ
q = Qq0P (t)
xXk+ne
Q = sin η
x9sukXmsy±fgoZLjXn¡m,>















iγ+P (t, q0P (t) sin η)T̃P (γ
+
P (t, q0P (t) sin η), q0P (t) sin η) cos η
(











 f  ,; %  7)  )< f    ) %,; f  % 	!7) ,.f 
ε
2
  #  *%	  $ )&  ! ,  












V Psx(x, y, z, t) = 0,
eon
t ≤ t0S ,
V Psx(x, y, z, t) =
∫ t
t0P
ṽPsx(x, y, z, τ)f
′(t− τ) dτ,
eon

















iγ+P (t, q0P (t) sin η)T̃P (γ
+
P (t, q0P (t) sin η), q0P (t) sin η) cos η
(
















V Psx(x, y, z, t)
x+wm:>
V Psx(x, y, z, t) '
Nt∑
i=1
ṽPsx(x, y, z, t0f + idt)f












iγ+P (t, q0P (t) sin ηi)T̃P (γ
+
P (t, q0P (t) sin ηi), q0P (t) sin ηi) cos ηi
(














ṽPsx(x, y, z, t)
Zehg{flL|mon¡gGeokXm^Z
g}w±XZLwuk  Zg^|ZkXn0{XZ
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(x, y, z, h, t, deta, C)E
vsxp = 0
N = (pi/2)/deta









eta = (i− 1) ∗ deta
q = q0 ∗ sin(eta)

p = gamma(r, z, h, t, cf(q), cP (q))
dfp = deriveef(x, z, h, cf(q), cP (q), tau, p)
a = i ∗ p ∗ TP(p, q, C)/(sqrt(1 + p2) ∗ dfp)EL
vsxp = vsxp+ reel(a) ∗ cos(eta)/(2 ∗ pi2 ∗ cP ) ∗ detaEE  Z X©³I 
E






(x, y, z, h, t, dt, deta, C)E
t0 = t(r, z, h, cf, cP )














tau = t0 + (i− 1) ∗ dt






























S (t, q), q)
∂FS
∂p














S (t, q), q)
∂FS
∂p




t0S < t < t2S .
TGj w[wsum}e >
V Ssxt(x, y, z, t) =
∫ t
tf













V Ssxt(x, y, z, t) '
Nt1∑
i=1
ṽSsxt(x, y, z, tS + (i− 1)dt1)f
′(t− (tS + (i− 1)dt1)) dt1.
f¨adn
t0S < t < t2S .
^¡symie©suj¢{XlL|syY[xIs@ezZG> n¡j@giZmiKwu¡Z


















V Ssxt(x, y, z, t) '
Nt1∑
i=1
ṽSsxt(x, y, z, tS + (i− 1)dt1)f




ṽSsxt(x, y, z, t0S + idt2)f
′(t− (t0S + idt2)) dt2.
afn
tS < t < t0S
Isuj­{fl|suY[x9syeoZ/> njygiZmiOw¡Z














iυ+S (t, qi) T̃S(υ
+
S (t, qi), qi)
∂FS
∂p






qi = (i− 1)dq1.
afn
t0S < t < t2S
suj {flL|suY[xIs@ezZ< nj@goZmiOw¡Z















iυ+S (t, qi) T̃S(υ
+
S (t, qi), qi)
∂FS
∂p




qi = q0S(t) + (i− 1)dq1
¨
9 wu¡ysumin°giUXY[Z/{fZ|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ṽSsxt(x, y, z, t)
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      
(x, y, z, h, t, dq, C, t0S)E
vsxts = 0
q0 = q0(r, z, h, t, cf, cS)














q = (i− 1) ∗ dq
p = gamma(r, z, h, t, cf(q), cS(q))
dfp = deriveef(x, z, h, cf(q), cS(q), tau, p)EL
a = i ∗ p ∗ TS(p, q, C)/(sqrt(1 + p2) ∗ dfp)EE













q = q0 + (i− 1) ∗ dqE 
p = gamma(r, z, h, t, cf(q), cS(q))EL
dfp = deriveef(x, z, h, cf(q), cS(q), tau, p)EL
a = i ∗ p ∗ TS(p, q, C)/(sqrt(1 + p2) ∗ dfp)
vsxts = vsxtsp+ reel(a)/(2 ∗ pi2 ∗ cS) ∗ dqYE  @Z X³9 
u  @Z '^






      
(x, y, z, h, t, dt1, dt2, dq, C)E
t0 = t(r, z, h, cf(q), cP (q))
tS = tS(x, y, z, h, C)
t2S = t2S(x, y, z, h, C)P















tau = tS + (i− 1) ∗ dt1















tau = t0S + i ∗ dt2EK
V sxts = V sxts+ df(t− tau) ∗ vsxts(x, y, z, h, tau, dq, C, t0)E  @Z X³I 
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